CLASSIFICATION OF ABELIAN COMPLEX STRUCTURES ON 
6-DIMENSIONAL LIE ALGEBRAS 



A. ANDRADA, M.L. BARBERIS, AND I.G. DOTTI 

Abstract. We classify the 6-dimensional Lie algebras that can be endowed with an abehan com- 
plex structure and parameterize, on each of these algebras, the space of such structures up to holo- 
morphic isomorphism. 



1. Introduction 

Let be a Lie algebra, J an endomorphism of g such that = — /, and let ^ be the i- 
eigenspace of J in g*^ := g ®^ C. When g^ *^ is a complex subalgebra we say that J is integrable, 
when g^'° is abelian we say that J is abelian and when g^'° is a complex ideal we say that J is 
bi-invariant. We note that a complex structure on a Lie algebra cannot be both abelian and bi- 
invariant, unless the Lie bracket is trivial. If G is a connected Lie group with Lie algebra g, by left 
translating J one obtains a complex manifold (G, J) such that left multiplication is holomorphic 
and, in the bi-invariant case, also right multiplication is holomorphic, which implies that (G, J) is 
a complex Lie group. 

Our concern here will be the case when J is abelian. In this case the Lie algebra has abelian 
commutator, thus, it is 2-step solvable (see |fT6l ). However, its nilradical need not be abelian 
(see Remark 1477] ). Abelian complex structures have interesting applications in hyper- Kahler with 
torsion geometry (see [|6l). It has been shown in [8] that the Dolbeault cohomology of a nilmanifold 
with an abelian complex structure can be computed algebraically. Also, deformations of abelian 
complex structures on nilmanifolds have been studied in [|9l. 

Of importance, when studying complex structures on a Lie algebra g, is the ideal g j := g' + Jg' 
constructed from algebraic and complex data. We will say that the complex structure J is proper 
when g'j is properly contained in g. Any complex structure on a nilpotent Lie algebra is proper 
[[T8l . The classification of nilpotent 6-dimensional Lie algebras carrying complex structures has 
been given in |[T8l ; when the complex structure is abelian the characterization was obtained in IfTTI . 

There is only one 2-dimensional non-abelian Lie algebra, the Lie algebra of the affine motion 
group of M, denoted by ciff(M). It carries a unique complex structure, up to equivalence, which 
turns out to be abelian. The 4-dimensional Lie algebras admitting abelian complex structures were 
classified in [[T9l . Each of these Lie algebras, with the exception of aff(C), the realification of the 
Lie algebra of the affine motion group of C, has a unique abelian complex structure up to equiv- 
alence. On aff(C) there is a two-sphere of abelian complex structures, but only two equivalence 
classes distinguished by J being proper or not. Furthermore, aff (C) is equipped with a natural 
bi-invariant complex structure. In dimension 6 it turns out that, as a consequence of our results, 
some of the Lie algebras equipped with abelian complex structures are of the form off (A) where 
A is a 3-dimensional commutative associative algebra. 
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In this article we obtain the classification of the 6-dimensional Lie algebras that can be endowed 
with an abelian complex structure. Moreover, on each of the resulting Lie algebras, we parameter- 
ize the space of such structures up to holomorphic isomorphism. It turns out that there are three 
nilpotent Lie algebras carrying curves of non-equivalent structures, while for the remaining Lie 
algebras the moduli space is finite. 

The outline of the paper is as follows. In ^|2]we give the basic definitions, recall known results 
and study some properties of the Lie algebra aff(C). In addition, we parameterize the space of 
equivalence classes of complex structures on a Lie algebra with 1 -dimensional commutator (see 
Proposition 12.21 ). In ^we perform the classification in the 6-dimensional nilpotent case. This is 
done in two steps. Firstly, we obtain the classification of the nilpotent Lie algebras admitting such 
a structure (see Theorem |3.2| ). recovering, by a different approach, the results obtained in [fTTllTSl . 
In the second step, we parameterize, up to equivalence, the space of abelian complex structures on 
each of these algebras (see Theorem [33]). As a consequence, we obtain three nilpotent Lie algebras 
carrying curves of non-equivalent abelian complex structures, namely, f)3 x [33, [33 (C) and a 3-step 
nilpotent Lie algebra, where [33 is the 3-dimensional real Heisenberg Lie algebra and f)3(C) is the 
realification of the 3-dimensional complex Heisenberg Lie algebra. 

In ^ we determine the 6-dimensional non-nilpotent Lie algebras 3 with an abelian complex 
structure, studying in Theorems 14. 1 [ 14.21 and 14.41 the case when such a structure is proper. The Lie 
algebras, a finite number, appearing in Theorems 14 . 1 1 and |4 . 21 are decomposable as a direct product 
of lower dimensional Lie algebras with the corresponding abelian complex structure preserving 
this decomposition. In Theorem |4.4[ when considering the case s'j = M^, we obtain a 2-parameter 
family of solvable Lie algebras carrying both an abelian and a bi-invariant complex structure. 
Moreover, as a consequence of this result and Theorems 14.11 and | 4 . 2 [ it follows that the Lie algebra 
aff(C) X has exactly three abelian complex structures, up to equivalence, distinguished by 
the ideal s'j. Finally, in Theorem 14.61 we consider the case when J is not proper and obtain five 
isomorphism classes of Lie algebras, all of which are of the form af f (A) where A is a commutative 
associative algebra with identity. 

2. Preliminaries 

2.1. Complex structures on Lie algebras. A complex structure on a real Lie algebra g is an 
endomorphism J of satisfying = — / and such that 

(1) J[x,y]-[Jx,y]-[x,Jy]-J[Jx,Jy] = 0, yx,yeg. 

It is well known that ([T]) holds if and only if g^'°, the i-eigenspace of J, is a complex subalgebra of 
fl"' := ®M C. A pair (g, J) will denote a Lie algebra g equipped with a complex structure J. 
A complex structure J on g is called bi-invariant if the following condition holds: 

(2) J[x,y] = [Jx,y], x,y e g. 

In this case, (g, J) is a complex Lie algebra, that is, g is turned into a C-vector space by setting 

(a + ib)x = ax + bJx, x E g, a, 6 G M, 

and condition ^ ensures that the Lie bracket is now C-bilinear. 

Two complex structures Ji and J2 on g are said to be equivalent if there exists an automorphism 
a of g satisfying J2 a = aJi- Two pairs (gi, Ji) and (g2, J2) are holomorphically isomorphic if 
there exists a Lie algebra isomorphism « : gi ^ g2 satisfying J2 a = a Ji. 
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Consider a Lie algebra g equipped with a complex structure J. We denote with g' the commuta- 
tor ideal [g, g] of g and with g'j the J-stable ideal of g defined by g'j := g' + Jg'. We will say that 
J is proper if g'j ^ g. We note that if (gi, Ji) and (02, -^2) are holomorphically isomorphic, then 
J I is proper if and only if J2 is. 

The next proposition provides sufficient conditions for a complex structure to be proper. We 
recall that a Lie algebra is called perfect if it coincides with its commutator ideal. 

Proposition 2.1. (1) Every complex structure on a nilpotent Lie algebra is proper 
(2) Every bi-invariant complex structure on a non-perfect Lie algebra is proper 

Proof. The first statement was proved in [[TSl Theorem 1.3] (see also Lemma [Z4l below). The 
second assertion follows since Q implies that the commutator ideal is stable by any bi-invariant 
complex structure. □ 



2.2. Abelian complex structures on Lie algebras. An abelian complex structure on g is an en- 
domorphism J of g satisfying 

(3) ,f = -I, [Jx, Jy] = [x, y], Va;, y e g. 

It follows that ([3]) is a particular case of O; moreover, condition ^ is equivalent to g^ *^ being 
abelian. These structures were first considered in [[3]|. A class of Lie algebras carrying such struc- 
tures appears in the next result. 

Let f)2n+i = span{ei, . . . , e2n, Zq} denote the (2n + l)-dimensional Heisenberg algebra with Lie 
bracket [e2i-i, 62^] = zq, 1 < i < n, and aff(]R) the Lie algebra of the group of affine motions 
of R. 

Proposition 2.2. If g is an even dimensional real Lie algebra with 1 -dimensional commutator g', 
then: 

(1) gis isomorphic to either f)2n+i x M^^'^^ or aff(R) x R^''; 

(2) All these Lie algebras carry abelian complex structures and every complex structure on g 
is abelian; 

(3) There are [|] + 1 equivalence classes of complex structures on f)2n+i x R^'"'*'^; 

(4) There is a unique complex structure on aff(R) x R^'^ up to equivalence. 

Proof. (1) follows from the characterization of the Lie algebras with one dimensional commutator 
(see for example Theorem 4.1]). 

A proof of (2) can be found in [|5] Examples 3.3 and Proposition 3.4]. 

In order to prove (3), we recall that according to ifTTl Proposition 3.6] the complex structures on 

[)2n+i X R^''^^ are given by: 

(4) Je2i-i = ±e2i, Jz2j = Z2j+i, I < i < n, < j < k, 

where {ei, . . . , 62^, Zq} is a basis of f)2„+i such that [e2i_i, e2i] = Zq and {zi, . . . Z2fc+i} is a basis of 
]^2fc+i p^^y (-^Q complex structures with the same number of — signs are equivalent, by permuting 
the elements of the basis. Let J^, with < r < n, be any complex structure as in dH) such that r is 
the number of — signs. By a suitable permutation of the basis, one can show that Jr is equivalent 
to Jji-r, thus we may assume < r < [|] . Furthermore, for < r, s < [|] , if Jr is equivalent 
to .Js, by counting the multiplicities of the eigenvalues of J,, and on g ® C, we must have r = s 
and (3) foUowsQ 



The classification for n = 1, fc = 0, was given in |fT9]| and the case n = 2, k = was carried out in pOl. 
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The proof of (4) follows by observing that given a complex structure J on off (M) x M^'^, there 
exists a J-stable complementary ideal s of M^'^ isomorphic to off (M). It is clear that off (M) admits 
a unique complex structure up to equivalence, and the assertion follows. □ 

We include some properties of abelian complex structures in the following lemma, whose proof 
is straightforward. 

Lemma 2.3. Let J be an abelian complex structure on a Lie algebra q. Then: 

(i) the center 3(0) ofg is J-stable; 

( ii) for any x G 3, ad j^. = — ad^ J; in particular, the family of inner derivations of g is stable 
under right multiplication by J; 

(Hi) for any J-stable ideal u o/g, the kernel of the map g End(u), x t— > ad^. |u, is J-stable. 

Some known obstructions to the existence of abelian complex structures are stated below. 

(01) Let g be a real Lie algebra admitting an abelian complex structure. Then g is 2-step solv- 
able EH. 

(02) Let g be a solvable Lie algebra such that g' has codimension 1 in g and dim g > 2. Then g 
does not admit abelian complex structures O. 

Another obstruction in the case of nilpotent Lie algebras is given in the next lemma. Recall that 
the descending central series of g is defined by g° = g, g* = [g, g*~^], i > 1. 

Lemma 2.4. Let q be a k-step nilpotent Lie algebra with an abelian complex structure J and set 
0j •= 0' + Jq"- Then gj ^ for all i < k. In particular, if dim q = 2m, g is at most m-step 
nilpotent. 

Proof. Clearly, {0} = gj ^ 0j~^- Assume that gj = g*/^ for some i < k. Then, any x G g*"^ can 
be written d& x = y -\- Jw, y,w E g*. The fact that J is abelian implies that [g, x] C g*^^ for all 
X G g*~^, that is, g* C g*+^, contradicting that g is A;-step nilpotent. □ 

2.3. Dimension less than or equal to four. There are only two 2-dimensional Lie algebras: 
and off(M). Both carry a unique abelian complex structure, up to equivalence. 

Let g be a 4-dimensional solvable Lie algebra with basis {ci, 62, 63, 64}. According to [fT9l , if g 
admits an abelian complex structure, it is isomorphic to one and only one of the following: 

gi = M^ 

gs = f)3 X M, [61,62] = 63, 

g3 = aff(M) xM^ [61,62] = 62 

g4 = aff(]R) X aff(]R), [61,62] = 62, [63,64] = 64 

g5 = off(]R) Xad [61, 62] = 62, [61, 64] = 64, [62, 63] = 64. 

ge = off(C), [61,63] = 63, [61,64] = 64, [62,63] = 64, [62,64] = -63, 

where f)3 is the 3-dimensional Heisenberg algebra and off (C) is the realification of the Lie algebra 
of the group of affine motions of the complex line. 

Theorem 2.5 ( |fT9l ). Let gbe a 4- dimensional solvable Lie algebra with an abelian complex struc- 
ture J. Then (g, J) is holomorphically isomorphic to one and only one of the following: 

gi : J6i = 62, J63 = 64, 
g2 : J6i = 62, J63 = 64, 
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03 : Jdl = 62, Je3 = 64, 

04 : Jei = 62, J63 = 64, 

05 : Jei = 62, J63 = -64, 

06 : J161 = -62, J163 = 64, 
06 : -^261 = 63, J262 = 64. 



We include below a proof of the fact that, up to equivalence, aff (C) has two abelian complex 
structures (see also lfT9l ). We recall that aff(C) has a basis {61, 62, 63, 64} with the following Lie 
bracket 



(5) [61,63] =63, [61,64] =64, [62,63] =64, [62,64] 

and with automorphism group given by (see for instance H): 

/l \ 

e 

c —ed a —eh 

\d ec b ea J 



-63, 



(6) 



Aut(aff(C)) 



a, b, c, d, G M, e = ±1 



Proposition 2.6. Any abelian complex structure on the Lie algebra aff (C) is equivalent to either 
Ji or J2, where 



J161 
^261 



-62, 



es. 



^163 = 64, 
J2e2 = 64. 



Moreover, Ji is proper and J2 is not, hence they are not equivalent. 

Proof. Let us assume that J is an abelian complex structure on = aff(C). Since dim0' = 2, 
there are two possibilities for q'/. 

• 0j = 0'. In this case, 0' is a J-stable ideal of aff(C). Let 

'^^{b C 

be the matrix representation of J with respect to the ordered basis {61, 62, 63, 64}. Since = — /, 
we obtain that = —I and = — /, and therefore J can be written as 





1 a 


1 





o\ 


J = 




—a 










a 


c 


6 


9 






d 


/ 


-V 






1, 


6^4 


-f9 = 



with 
(7) 

and certain constraints on a, 6, c, d. From the fact that J is abelian, together with ([7]), we obtain 
that 

a = e = 0, I3 = ±l, f = -9 = 1 = 



Using again that 
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-/, we arrive at c = 



b, d = a, thus, J = J^^ or J = Jj.^ where 



J, 



ia,b) 



/ 1 \ 

-10 

a -6 0-1 

\b a 1 J 



J, 



{a,b) 



/O -1 o\ 

10 

a -6 1 

\b a -1 OJ 



Note that = Ji- Consider now the automorphisms and ip of aff(C) given by 



-1 

b a 
2 2, 







o\ 




/ 1 















-V 




\ 2 



1 
-I 1/ 



It is easy to see that (t>J^f^^ = Ji(p and = Ji^, so that all the abelian complex structures 

J^^ and are equivalent to Ji. This completes this case. 

• g'j = g. In this case = g' © Jg'. Let 

fi = Je3 = aei + be2 + v, f2 = Je^ = cei + de2 + w, 

a,b,c,d e M, v,w E span{e3,e4}. Since J is abelian, [/i,/2] = and [/2,e3] = [/i,e4], hence 
c = —b, d = a. Therefore, we have 



a —b 
b a 



adf.. 



Observe that + 6^ 7^ 0, since otherwise g would be abelian. Setting 



fi 



a^ + b^ 



we obtain 



ad 



[afi - 6/2) 



1 
1 



/2 



+ 62 



{bfi + a/2) 



ad 



/2 



-1 

1 



The expression of J with respect to the basis {/i, /2, 63, 64} is given by 

B 



J — J{a,b) 



where B 



a b 
b —a 



The structure constants of g with respect to the new basis {/i, /2, 63, 64} are given by ©. If is 
the following automorphism of aff(C): 

/I \ 

1 

—a b 
—b —a , 



\ 



V 



it turns out that (pJ(a,b) = J{ifl)<t>^ that is, J(^a,b) is equivalent to J(i^o) = J2, and the proposition 
follows. □ 

Given x = (xi,X2,X3) G S'^, let := xiJi + X2J2 + xsJiJ2 with Ji and J2 as above. Since 
J1J2 = —J2J1, J'x is an abelian complex structure on aff(C) and Proposition 12.61 implies the 
following result: 



7 



Corollary 2.7. There is a two-sphere J.j., x G S"^, ofabelian complex structures on aff(C). More- 
over, J.J. is equivalent to Ji if and only if x = (1, 0, 0) or x = (—1, 0, 0). All the other abelian 
complex structures in this sphere are equivalent to J2. 

Remark 2.8. It was shown in [2] that off (C) is the only 4-dimensional Lie algebra carrying an 
abelian hypercomplex structure, that is, a pair of anticommuting abelian complex structures. 



Remark 2.9. We point out that off (C) admits a bi-invariant complex structure J, namely, 

Jei = 62, Jes = 64. 

Moreover, any bi-invariant complex structure is given by ±J and J is equivalent to — J via an 
automorphism as in Q with e = — 1. Therefore, off (C) has a unique bi-invariant complex structure 
up to equivalence. 

The next characterization of (aff(C), Ji) will be frequently used in ^ 

Lemma 2.10. Let q be a 4-dimensional Lie algebra spanned by {/i, . . . , f^} with Lie bracket 
defined by: 

[flJs] = [f2j,]=cfs + df,, [f,J,]=-[f,J,] = -df, + cf,, 

[/i,/2] = xfs + yfi, 
with c"^ + d^ ^ 0, and abelian complex structure J given by 

Jfl = /2, Jfs = U 

Then (g, J) is holomorphically isomorphic to (off(C), Ji). 
Proof. Consider first 

7 ^ c/i + df2 f = Tf = ^ 

C^ + d^ ' c2 + c/2 • 

In the new basis {/i, /2, /s, A}, the Lie bracket of q becomes 

[/i, h] = xf3 + y'f4, [/i, /s] = [/2, /4] = /s, [/i, fi] = -[h, /a] = U- 
Setting now 

ei := /i - y/s + yA, e.i ■= -/2 + y/3 + y/4, 63 := /a, 64 := f^, 

we obtain a basis {ei, . . . , 64} of g such that the Lie bracket is given as in ([5]) and the complex 
structure J coincides with Ji from Proposition 12.61 □ 



3. Dimension six: the nilpotent case 

In this section we classify, up to holomorphic isomorphism, the 6-dimensional nilpotent non- 
abelian Lie algebras n with abelian complex structures. 

We begin by recalling from Proposition 12.11 that any complex structure J on a nilpotent Lie 
algebra n is proper, that is, n'j = n' + Jn' is a proper nilpotent ideal. In the 6-dimensional case, as 
a consequence of the following general result, it turns out that n'j is abelian. 

Proposition 3.1. If J is an abelian complex structure on a 6-dimensional solvable Lie algebra s 
such that s'j is nilpotent, then s j is abelian. 
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Proof. If s'j = 5 then s is nilpotent and Proposition 12.11 implies that s'j ^ s, a contradiction. 
Therefore, dim Sj = 2 or 4. If dim Sj = 2 then s'j is abelian. 

We show next that if dimsj = 4 and s'j is non-abelian nilpotent, then we get a contradiction. 
J induces by restriction an abelian complex structure on s'j. The only 4-dimensional non-abelian 
nilpotent Lie algebra admitting abelian complex structures is f}3 x M and this complex structure is 
unique up to equivalence (Theorem [23]). Therefore, s'j = ^)3 x R, and there exists a basis ei, . . . , 64 
of s'j such that [61,62] = 63 and Jei = 62, J63 = 64. Let span{/i,/2} be a complementary 
subspace of s'j such that /2 = Jfi. Setting D = ad/^ 1^'^, it follows from Lemma f23\ ii) that 
ad/2 \s'j = —DJ. The Lie bracket [/i, /2] lies in s' C s'j, hence, [/i, /2] = aei + 662 + C63 + ci64, 
with a, b,c,de M. 

Since -D is a derivation of ()3 x M, it is of the form 



where A, B, C are 2x2 real matrices such that cn = ti A and C21 = 0. Moreover, DJ is also 
a derivation of f)3 x M, and therefore C12 = ai2 — 021 and C22 = 0. Observe that s'j is 2-step 
solvable and u := span{63, 64} C s'j is an abelian ideal containing {s'j)' , therefore the Jacobi 



Since s' is abelian, we have that rank A < 1, hence an = ai2 = 0, that is, A = 0. Finally, the 
Jacobi identity applied to /i, /2, 6^, j = 1, 2, implies that a = b = 0, that is, [/i, /2] G u, hence 



In the remainder of this section we perform the classification. This will be done in two steps. 
In the first one, we obtain the classification of the Lie algebras admitting such a structure (see 
Theorem 13.21 ). recovering by a different approach the results obtained in [ITTl [T8l . In the second 
step, we parameterize the space of abelian complex structures up to equivalence on each of these 
algebras (see Theorem [33] ). 

Theorem 3.2. Let n be a 6-dimensional nilpotent Lie algebra with an abelian complex structure 
J. Then n is isomorphic to one and only one of the following Lie algebras: 

Ui := P13 X M^. [e^^e^] = e^, 

n2 := P)5 X : [ei, 62] = 66 = [63, 64], 

n3 := P)3 X f)3 : [61, 62] = 65, [63, 64] = 66, 

n4 := 1)3(C) : [61, 63] = -[62, 64] = 65, [61, 64] = [62, 63] = Cq, 
ris : [ei, 62] = 65, [61, 64] = [62, 63] = 66, 
1^6 : [ei, 62] = 65, [61, 64] = [62, 65] = 66, 

1^7 : [ei, 62] = 64, [61, 63] = -[62, 64] = 65, [61, 64] = [62, 63] = 66- 



Given a 2-step solvable Lie algebra g and an abelian ideal u of g such that g' C u, the Jacobi identity implies that 
{dAx |u : a; G g} is a commutative family of endomorphisms of u. 






u, a contradiction. 



□ 
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Proof. According to Lemma [241 n is at most 3-step nilpotent. To carry out the classification, we 
will consider separately the A;-step nilpotent case for /c = 2 or 3. 

• n is 2-step nilpotent: We observe that dimn' = 1 or 2. In fact, the center 3 is a J-stable proper 
ideal, hence dim 3 = 2 or 4. If dim 3 = 4, then dimn' = 1, while if dim 3 = 2, we have that 
dimn' = 1 or 2 since n' C 3. 

If dim n' = 1, according to flU Theorem 4.1], n is isomorphic to rii or n2. 

If dimn' = 2, since 3 is J-stable, then n' = 3 and we have that dim 3 = 2. Let D be a J-stable 
complementary subspace of 3. There are two possibilities: 

{i) there exists x G such that rank ad^. = 1; 
[ii) rank ad^ = 2 for any x G D, x 7^ 0. 

We consider next each case separately. 

— Case (i): Consider the 3-dimensional subspace W := ker (ad^; \ ^). It follows immediately 
that dim(W^ n JW) = 2. 

If X ^ W n JW, there exists ei E W D JW such that {ei, Jei, x, Jx} is a basis of D. Since J 
is abelian, it follows that the only non-zero brackets are [ei, Jei], [x, Jx], which must be linearly 
independent. Setting 63 :=, 64 := Jx, 65 = [ei, Jei], eg := [x, Jx], we obtain that n = ns and 
J = Js,t is given by 

(8) Js,t ei = 62, Js,t 63 = 64, Js,t 65 = ses + teg, 

for some s, t G M, t 7^ 0, since the center 3 = spanjes, Cq} is J-stable. 

If X G n JW, then {x, Jx} is a basis of n JW. There exists ei e W such that Jei ^ W 
and therefore, {ei, Jei,x, Jx} is a basis of D. Since J is abelian, it follows that the only non- 
zero brackets are [ci, Jei] and [ci, Jx] = —[Jei, x], which must be linearly independent. Setting 
e2 := Jei, es := — x, e^ = Jx, e^ := [ei, Jei], ee := [ei, Jx], we obtain that n = n5 and J = Js,t 
is given by 

(9) Js,t ei = e2, Js,t 63 = -e4, Js,t 65 = se^ + tee, 
for some s, t G M with t ^ 0, since the center 3 = spanjes, ee} is J-stable. 

— Case (a): Two non-equivalent families of abelian complex structures will appear according 
to the following possibilities: 

( J^) there exists ei G such that W := ker (adg^ |o) is not J-stable, 
( J^) for any x G 0, ker (ad^; |o) is J-stable. 

( J^) In this case V = W (B JW and we fix a basis {ei,y, Jei, Jy} of with y e W.lt follows 
that [ei,y] = = [Jei, Jy]. A basis of 3 = n' is given by {[ei, Jei], [ei, Jy]} since rank adg^ = 2. 
Moreover, [ei, Jy] = [y, Jei] since J is abelian and rank ad^ = 2 implies [y, Jy] 7^ 0. Therefore, 
there exist a, 6 G M, + 6^ 7^ such that 



Since rank adw = 2 for all w e W, w ^ 0, it follows that det(adcei+y | jvy) 7^ for any c. We 
have that det(adcei+j; \jw) = + cb — a, with respect to the bases {Jei, Jy}, {[ei, Jei], [ei, Jy]} 
of JW and 3, respectively. Therefore, it must be 6^ + 4a < 0, and setting 



[y, Jy] = a[ei, Jei] + b[ei, Jy]. 



1 



(-6ei + 2?/), e3 := Jei, 64 := Je2, e5:=[ei,e3], e6:=[ei,e4], 



62 : = 



it turns out that 



[61,63] 



[62,64] = 65, 



[61,64] = [62,63] = 66- 
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Hence, n = 1x4 and J = J, 



s,t 



J is given by 



(10) 



for some s, t G M with t 7^ 0, since the center 3 = spanjes, e^} is J-stable. 

(J^) Let ei G D and consider a basis {ei, Jei} of W^i := ker (ade^ |d). Let x G D such that 
X ^ Wi, then 14^2 := ker (ad^; |d) is a J-stable complementary subspace of Wi in 0, with basis 
{x, Jx}. Setting 62 := Jei, 63 := Jx, 64 := a;, it turns out that n = n4 and J = J^^ is given by 



for some s, t G M with t 7^ 0, since the center 3 = spanjes, cq] is J-stable. 

• n is 3-step nilpotent: In this case, = [n, n'] 7^ and C 3. The center 3 being J-stable, it 
follows that Uj = + Jv? C 3. Since dim 3 7^ 4 (otherwise, dimn' = 1) it follows that Uj = 3 
and dim Uj = 2. From Lemma rij ^ n'j, thus dimn'j = 4. Let Vq be a J-stable subspace 
complementary to n'j and fix a basis {/i, J/i = /2} of Vq. Using that n'j is abelian (Proposition 
13.11) . we obtain 



thus [fi, f2] ^ 3, hence J[/i, /2] ^ 3, which implies that n'j = Vi © Uj, where Vi is the subspace 
spanned by [fi, /2] and J[/i, /2]. Note that n = ^ © K © j and that for any y & Vq, y ^ 0, the 
images of ad^, : Vi — > Uj coincide with n^. 

— If dim = 1, we may assume that [/2, [fi, f2]] 7^ 0. By making a suitable change of basis of 
Vq, we obtain furthermore that [/i, [fi, /2]] = 0. Setting 

ei := /i, 62 := /2, 63 := J[/2, [/i,/2]], 64 := -J[/i,/2], 65 := [/i,/2], eg := [/2, [/i,/2]], 
we obtain that n = Ue and J is given by 

(12) Jei = 62, Jes = -66, J64 = 65. 

— If dimn^ = 2 the map ad/^ : Vi — > rij is an isomorphism and setting 

ei := /i, 62 := /2, 63 := J[/i,/2], 64 := [/i,/2], 65 := [/i, J[/i, /2]], ee := [/i, [/i,/2]] 

one has a basis of riy. Since J is abelian, it leaves 3 = span{65, e^} stable, hence it is given by 
J = Js,t, with 

(13) Js,tei = 62, Js,t63 = -64, J^,t65 = S65 + tee 
for some s, t G M, t 7^ 0. 



Remark 3.3. It follows from Theorem 13.21 that if n is a 6-dimensional nilpotent non-abelian Lie 
algebra and J is any abelian complex structure, then 

• n'j = if and only if n = n^, 1 < A; < 5, 

• n'j = if and only if n = ne or ny. 



(11) 



Js,t ei = 62, Jit es = -64, Js,t 65 = S65 + teg. 



n' = [K, © n'j, Vo © n'j] = [K,, K)] + [V^o, n'j] C [^o, V^o] + n^ 



□ 
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3.1. Equivalence classes of complex structures. In this subsection we parameterize the equiva- 
lence classes of abelian complex structures on the Lie algebras appearing in Theorem 13. 2[ 

Let us begin with rii and n2. According to ||20l (see also Proposition 12.21) it follows that, up to 
equivalence, rii has a unique complex structure J, given by 

Jei = 62, Jes = 64, J65 = 66, 

whereas 1x2 has two, given by 

J±6i=62, J±63 = ±64, 7^65=63. 

For the Lie algebra Ug, it follows from the proof of Theorem 13.21 that it has a unique abelian 
complex structure, given by (fT2l) . 

We will determine next the equivalence classes of abelian complex structures on the remaining 
Lie algebras. To achieve this, we consider a nilpotent Lie algebra u and the following space: 

Cain) = { J : n — > n : J is an abelian complex structure on n}, 

which we suppose non-empty. Cain) is a closed subset of GL{n). The group Aut(n) acts on Cain) 
by conjugation, and the quotient Cain)/ Aut(n) parameterizes the equivalence classes of abelian 
complex structures on n. 

For n = ris, ris and Uy, it follows from equations ([8]), ^ and (fT3l) in the proof of Theorem l3.2l that 
Z := {is,t) G : t ^ 0} can be considered as a subspace of Ca(n) such that Aut(n)-Z = Cain). 
The induced topology on Z coincides with the usual topology from M?. Therefore, we have a 
homeomorphi sm 

a(n)/Aut(n) ^Z/G, 

where G := {(p E Aut(n) : (piZ) = Z}, a closed Lie subgroup of Aut(n). 

Let J be an abelian complex structure on n and D a J-stable complementary subspace of the 
center 3 in n. It can be shown that Aut°(n) acts transitively on the orbit of J in Cain), that is, 

Aut(n) J = Aut°(n) J, 

where Aut°(n) = {0 G Aut(n) : 0(d) = o}. Indeed, if J' = (pJcf)'^ with = ^ 
Aut(n), then 0° ^ c) ^ Aut°(n) satisfies J' = 0°J(0°)"^ This implies that 

Ca(n)/ Aut(n) ^ Z/G^ 

for the Lie algebras Uj, i = 3,5, 7, where G^ = G D Aut°(n). 

For n = n4, equations (flOl) and (fTTI) in the proof of Theorem |3 .21 give two non-equivalent families 
{Jgt}^ { J, t 7^ 0, hence we have two associated subspaces Zi, Z^ of Cain^ such that 

Cain)l kvX{xC) = Z^IG\V}Z2lG\. 

We will determine in what follows for each algebra n,, 2 = 3,5, 7, the group G^ and orbit space 
ZjG^ (respectively, G° and Zj/G'^j, j = 1, 2, in the case of n4). 
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• ris: In this case, the group G° is given by a disjoint union = G+U G", where 



' /a -b 
b a 



c —d 
d c 



i^ + b^ 



[ V 



c2 + V 



> , G- 



+ dV 



( I 

I 

V 



1 

1 0/ 



Let (s, t), (s', t') e Z such that ■ (s, t) = (s', t')' with e G'°. It can be shown that: 

{i) if G G+, then s' = s and tt' > 0; 
{ii) if G then s' = -s and tt' < 0. 

Let us fix now (s, t) G Taking 0+ G with a = c = 1 and 6 = d = 0, we obtain that 
0+ ■ (s, t) = (s, |||). Taking now 0_ G G~ with a = 1, c = vTT~? and = c? = 0, we obtain 
(— s, 1). To sum up, we have that 



that 



Js^t is equivalent to either 



Js,i if t > 0, 
J-si ift<0. 



It follows from (i) and (ii) that Jg i and J^/ 1 are equivalent if and only if s = s', hence 

C,(n3)/Aut(n3) = {J.,1 : s G M}. 

Remark 3.4. In [[T4]| a curve of non-equivalent abelian complex structures was obtained by using 
geometric invariant theory. 

• ris: In this case, the action of G on Z is transitive, since the automorphism of ris given by 

\ 



/ -1 

1 

-- 

^ 2 



V 











satisfies ■ {s,t) = (0, 1) for any (s, t) G Z. Thus, Ca(n5)/ Aut(n5) = {J{o,i)}- 
• riy: In this case the subgroup G° of G is given by 

\ 



' /a -b 
b a 



[ \ 



d 



d 



ad —bd 
bd ad / 



a, 6 G M, ci = + 6 V 



We note that (0, 1) and (0, -1) are fixed points by the action of If {s',t') e Z - 
{(0, ±1)}, (s, t) 7^ (s', t') and 0- (s, t) = (s', t'), with G C^, then by writing down the equations, 
it can be shown that tt' > and both (s, t) and (s', t') lie in the circle 

2 



(14) 



1 + , 1 + S'2 
, C = t + ; =t' + 



t 



t' 
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Each of these circles intersects the w-axis in points (0, to) and (0, l/to), with < |to| < 1, where 

to = - (c =F Vc^ — l)> depending on the sign of t. We show next that each Sc coincides with an 

orbit Oo.to of ^ point under the action of C^. Since = M+ x as Lie groups, and the action 
of R_i_ on Z is trivial, we only have to consider the action of on Z. The isotropy group of this 
action is {±1} and therefore each orbit is homeomorphic to MP^ = S^. Furthermore, each orbit 
is contained in one circle Sc for some c, hence, by using topological arguments, we have that each 
Sc coincides with an orbit (9o,to (see Figure [3H) . so that, 

C,(n7)/Aut(n7) = {Jo,t : < |t| < 1}. 

We note that the topology of the quotient space coincides with relative topology of R, in particular, 
the moduli space of abelian complex structures on n-j is disconnected. 



The group is given by a disjoint union 

\ 



G^UG];, where 



Gt 



' (a -eh 

b ea 



[ \ 



a 
b 



-eb 
ea 



a'-b' 
2ab 



-2eab 



a,beR, 
+ 6V 0, 

e 



±1 



e a 



\ 

1 

ly 



■Gt- 



We note that the G?- orbit of (0, 1) has two points: (0,±1). The orbit Os,t of {s,t) e Zi 
{(0, ±1)} is given by the disjoint union of two circles (see Figure [3TT1) : 



(15) 



withe = t-f- 



1 + 



. Each of these orbits intersects the positive v-axis, in points (0, to) and (0, l/to) , 
i 

with < to < 1- Thus, Zi/G\ is parameterized by (0, 1]. 

In a similar manner, one shows that the group G^ is given by a disjoint union G^ — G^V^G 2 , 
where 
(16) 



' fa 

b 



Go 



c 
d 



-d 

c 



with U 





-1 



ac — bd —{ad + bc) 
ad + be ac — bd / 



We have that G+ ^ x 



a, b,c,dE M. 
c2 + d V 



U 



> , Gn 



Gt-\ U 



-U. 



il X T2 with 



acting trivially on Z2 



The isotropy of the T^-action is the subgroup {{z,w) ^ S^ x S^ : zw = ±1}. Therefore, for 
(s, t) e Z2- {(0, ±1)}, the G^-orbit through (s, t) is a circle as in ([HI). From ^ it follows that 
the G2^ -orbit through (s, t) is also a circle and therefore the orbit Os,t is given as in (fT5l) . therefore, 
Z2/G2 = (0, 1], giving the following homeomorphism: 

C,(n4)/Aut(n4) = (0,1] x Z2. 
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Figure 1. Orbits in Cafrir) 




The results in this section are summarized in the next theorem. 

Theorem 3.5. Let n be a Q-dimensional nilpotent Lie algebra with an abelian complex structure 
J. Then (n, J) is holomorphically isomorphic to one and only one of the following: 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 



Ui, J), with its unique complex structure: Jei = 62, Je^ = e^, Je^ 

^2, J±), with J± ei = 62, J± 63 = ±64, J± 65 = 66, 

Us, Js), with Js 61 = 62, Js 63 = 64, Js 65 = S65 + 66, s e M, 
n4, J}) with Jl 61 = 63, J} 62 = 64, J} 65 = tee, t e (0, 1], 
n4, Jf) with 61 = 62, Jt 63 = —64, 65 = t66, t G (0, 1], 



66, 



Us, J) with Jei = 
Uq, J), with Jei ■■ 
Ur, Jt) with JfCi 



62, Jes = -64, Je5 

-- 62, J63 = -66, Je4 
= 62, Jt63 = -64, Jf65 



te6, < |t| < 1. 



Remark 3.6. It was proved in EOl that every complex structure on rie is abelian. This fact, together 
with Theorem [331 implies that admits a unique complex structure up to equivalence. 



Remark 3.7. We observe that n4 has a bi-invariant complex structure given by 

-^061 = 62, J063 = 64, J065 = 66- 

According to |fT3l Jq is the unique bi-invariant complex structure on n4 compatible with the stan- 
dard orientation (see also 

Notation. The Lie algebras in Theorem 13.21 appear in the literature with different notations. 
In IfTOl . the nilpotent Lie algebras equipped with the so-called nilpotent complex structures were 
denoted by f)^, k = 1, . . . , 16. Salamon in ifTSll associates to each Lie algebra a 6-tuple encoding 
the expression of the differential of 1 -forms. We give next the correspondence among the various 
notations: 

ni "1^8" (0,0,0,0,0,12), 

n2" 1^3 "(0,0, 0,0, 0,12 + 34), 

n3 — 1^2 "(0,0,0,0,12,34), 

n4 < — ^1^5^ — > (0, 0, 0, 0, 13 + 42, 14 + 23), 

ns < — ^ f^4 < — ' (0, 0, 0, 0, 12, 14 + 23), 

n6 i — > P|9 < — ^ (0, 0, 0, 0, 12, 14 + 25), 

Ut < — > < — > (0, 0, 0, 12, 13 + 42, 14 + 23). 
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4. Dimension six: the general case 



The classification, up to equivalence, of the 6-dimensional non-nilpotent Lie algebras s admit- 
ting abelian complex structures J will be done in several steps, according to the different possi- 
bilities for s'j. When J is proper it follows from ^2.31 that the ideal s'j with its induced abelian 
complex structure coincides, up to equivalence, with M?, aff(M), W^, i)^ x M, aff(M) x M?, 
aff(M) X aff(M), aff(]R) Xad endowed with their unique abelian complex structure or with 
(off(C), Ji), (aff(C), J2). Note that according to Proposition [3TI1 the case 5j = f)3 X M does not 
occur. In order to carry out the classification we will consider three different cases: dim5j = 2, 
dim s'j = 4 or s'j = s. 

4.1. dim s'j = 2. 

Theorem 4.1. If s is a 6-dimensional non-nilpotent Lie algebra admitting an abelian complex 
structure J such that dim Sj = 2, then (s, J) is holomorphically isomorphic to one of the follow - 



• af f (M) X with its unique complex structure, 

• aff(C) X equipped with the product (Ji x J), Jifrom Theorem \2.5\ 

Proof. Since dim Sj = 2, we have two possibilities: 

(1) dims' = 1. Since s is non-nilpotent, s is isomorphic to aff(]R) x M"^ (see, for instance, 
[U Theorem 4.1]). According to Proposition 12.21 this Lie algebra has a unique complex 
structure, up to equivalence. 

(2) dims' = 2, hence s' = s'j is J-stable. Let s' be spanned by ei, e-z and Jei = 62. Let 
u be a complementary J-stable subspace of s, s = s' © u. From Lemma the 
kernel of the linear map p : u — End(s'), u 1— > ad„ |s/ is J-stable. The Jacobi identity 
implies that Imp is a commutative family of endomorphisms of s', therefore dim(Imp) < 4, 
thus dim(ker p) is 4 or 2. When dim(ker p) = 4, s is 2-step nilpotent, contradicting the 
assumption on s. Indeed, if p = 0, then [x, m] = for all x G s' and m G u. Since s' is 
abelian, we obtain that s' coincides with the center of s and the claim follows. Therefore, 
we must have dim(ker p) = 2. We show next that (s, J) is holomorphically isomorphic to 
aff(C) X equipped with the product ( Ji x J) from Theorem 12.51 Indeed, let /i, fz = 



J/1,/3,/4 = J/3 be a basis of u with /i, /2 G ker p. Using the Jacobi identity one 
obtains [[/i,/2],/3] = [[/i, /2], J/3] = 0, therefore, since J is abelian, [/s, [/i,/2]] = 
[/s) -Jlfi^ 12]] = 0. Thus, [/i, fz] = 0, since otherwise G ker p, which is a contradiction. 
Since p(/3)p(/4) = pif^lpU^) and p(/4) = -p{h)J one has 



with + y"^ ^ 0. We note that \ := span{/3, /4, ei, 62} is a J-stable Lie subalge- 
bra of s, and using Lemma 12.101 we obtain that (6, J|t) is holomorphically isomorphic 
to (aff(C), Ji), so that we may assume 

[/s, h] = [ei, 62] = 0, [/s, ei] = -[f^, 62] = ei, [/s, 62] = [/4, ei] = 62- 
The remaining brackets are given by 



ing: 




[fiJa] = aei + be2 = 
[fi, f4 = -bei + ae2 



[f2,h], 
[/2, /s], 
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where the last line is a consequence of [[/2, /a], + [[/4, /2], /s] = and J abelian. If 
a = = 0, then s = aff(C) xM^.lfa^ + 1? ^ 0, one considers 

/i = ei + ^^^(a/i - &/2), /2 = J/i = 62 + ^^^(^/i + «/2), 

and finds that /i, /2 are central elements in s. Therefore s = aff(C) x equipped with 
the complex structure given in the statement. 

□ 



4.2. dim s'j = 4. 

Let s be a 6-dimensional solvable Lie algebra equipped with an abelian complex structure J such 
that dimSj = 4. Let /i, /2 = Jfi span a complementary subspace of s'j, and set D := adj^ It 
then follows from Lemma [ZJT m) that ad^^ Is'^ = —DJ; therefore -D and DJ are both derivations 
of s'j. The bracket [/i, /2] lies in s' C s'j, and using the Jacobi identity for /i, /2 and any x G Sj, 
we obtain that 

(17) ad[/, J,] I,. = DJD - D^J. 

In what follows we analyze separately two different cases, corresponding to s'j being abelian or 
non-abelian. 

Theorem 4.2. Let s be a 6-dimensional Lie algebra with an abelian complex structure J such 
that s'j is A-dimensional and non-abelian. Then (s, J) is holomorphically isomorphic to one of the 
following: 

(1) aff(M) X (f)3 X R), with the unique complex structure on each factor, 

(2) aff(M) X aff(C), where the complex structure on aff(C) is given by Ji (Theorem \2.5\i . 

(3) aff(M) X aff(M) x M?, where each factor carries its unique complex structure, 

(4) (off(M) IR^) X IR^, where each factor is equipped with its unique abelian complex 
structure, 

(5) aff(C) X R^, where the first factor is equipped with J2from Theorem \2.5\ 
Proof. We will consider several cases, according to the isomorphism class of s'j. 

(i) Case s'j = aff (M) x M?: There exists a basis {ei, . . . , 64} of s'j such that [ei, 62] = 62 and J 
is given by Jei = 62, Je-s = 64. A derivation D of s'j such that DJ is also a derivation takes the 
following form: 

/O \ 

D= ^ ^ 

a e 
\ d f) 
with a,b, f E M. From (fTTl ), we obtain that 

e = -d, f = c, [/i,/2] = (a^ + &^)e2 + n, n G span {eg, 64}. 

Since s'j = aff (M) x R^, it follows that + c/V or u ^ 0. 

We show next that we may assume a = b = 0. Indeed, if + 6^ 7^ 0, consider another 
complementary subspace of s'j spanned by 

r _ bfi+af2 r _ jr _ , ^/l " 
•^1 ~ '^l 2 , 1.2 ' J"^ ~ '^J^ — ^2 H 2 , 1.2 ■ 
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The only non- vanishing brackets with respect to the basis above are 

[ei, 62] = 62, [/l, h] = U, [/l, 63] = [/2, 64] = 063 + C?e4, [/i, 64] = -[/2, 63] = -^63 + 664, 

with M G span{e3, 64}. 

Note that s can be decomposed as span{ei,e2} © span{/i, /2, 63, 64}. If c = d = 0, then 
u ^ and there is a holomorphic isomorphism between span{/i, /2, 63, 64} and P)3 x R, so that 
s = off(M) X ([)3 X M). If + (f ^ 0, using Lemma [OOl we obtain that span{/i, /2, 63, 64} is 
holomorphically isomorphic to (aff(C), Ji), so that, in this case, s = aff(]R) x aff(C). 

(ii) Case Sj = aff(]R) x aff(M): There exists a basis {ci, . . . , 64} of s'j such that [ci, 62] = 



62, [63, 64] = 64 and J is given by Jei 



D 



62, J^s = 64. A derivation of s'j is of the form 

/O 0\ 

a 6 




\0 c (i/ 

with a, b,c,de M, and we observe that J is also a derivation. From (fTTI) . we obtain that 

[fij2] = {a' + b')e2 + {c' + d')e,. 
If a2 + 52 = c2 + c/2 = 0, we obtain that s = aff (M) x aff (M) x M^. if a2 + 6 V 0, + d^ 
then setting 



0, 



(18) 



fi 



-ei 



Q/2 
a2 + 62 ' 



f2 = Jfl = -62 + 



-g/i + 6/2 
a2 + 62 ' 



we obtain that [/i, /2] = and /i, /2 commute with span{6i, . . . , 64}. Therefore, s = off(M) x 
off (M) X ]R2 a holomorphic isomorphism. The proof for + 6^ = 0, + 7^ is analogous. 
Finally, when + 6^ 7^ 0, + rf^ 7^ 0, we define /i, /2 as in (fTSl) and this case reduces to the 
previous one. 



(in) Case s'j = off(R) x^d There exists a basis {61, . . . , 64} of Sj such that [61, 62] 



62, [61,64] = 64, [62,63] = 64 and Jei = 62, J63 = 
also a derivation is of the form: 

/O 0\ 

ci c 



64. A derivation D of s'j such that DJ is 



D 



V 

with a, b,c,dE M. Using (fTTI ), we obtain that 





a b 





—d c 



If 
setting 

(19) 



[/l,/2] 

b^ = + d^ = 0, then s 



(c^ + d'^)e2 + 2{ad + bcje^. 

[aff(M.) Xad M2) X M2. If c2 + rf2 _^ 0, + b"^ 



0, then 



/i 



-61 + 



c/l + (#2 
C2 + Ci2 



f2 = Jfl = -62 + 



-dfi + c/2 



one has that [/i, /2] = and /i, /2 commute with span{6i. 



c2 + d2 ' 

64}, and therefore s 



:aff(M) 



X 



via a holomorphic isomorphism. If c + d = 0, a + 6 7^ 0, we have again the 



holomorphic ismorphism 5 = (aff(M) x^d 
/i = /i + bes + 064, 



M by considering the following change of basis: 

h = Jfi = /2 + aes - 664. 
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Finally, when + 7^ 0, + 6^ 7^ 0, by applying (fT9l) this case reduces to the previous one. 
(iv) Case s'j = aff (C): There exists a basis {ei, . . . , 64} of s'j such that 

[ei, 63] = -[62, 64] = 63, [ei, 64] = [62, 63] = 64. 

It is known that a derivation D of off (C) has matrix form 

/O \ 

^ _ 

c — c? a —b 

\d c h a J 



with respect to ei, . . . , 64, for some a, 6, c, d G M. From Theorem 12.51 we may assume that the 
restriction of J to s'j is Ji or J2. 

Let us consider first the case when the restriction is Ji. It turns out that DJi is also a derivation 
of s'j^, and using (flTl) . we obtain that 

[/i, /2] = 2(a(i + 6c)e3 + 2(M - ac)e4, 

for some a, b,c,dE M. It follows that dim Sj = 2, and therefore, this case cannot occur. 

If the restriction is J2, we have that DJ2 is also a derivation of Sj^, and using (flTl) . we obtain 
that 

[/i, /2] = ((a^ - + (c^ - ci'))e3 + 2{ab + cci)e4, 

with a, b,c,dE M. 

If a2 + 52 = c2 + ^2 = 0, then s ^ off (C) x M^. If + rf^ ^ 0, + b"^ = 0, then setting 

(20) f^ = + ce-i + ^64, /2 = J/i = /2 - cei - ^62, 

we obtain that [/i, /2] = and /i, /2 commute with spanjci, . . . , 64}. Therefore, s = aff(C) x 
via a holomorphic isomorphism. The proof for + rf^ = 0, + 6^ 7^ is analogous. Finally, 
when + c?^ 7^ 0, + 6^ 7^ 0, we define /i, /2 as in (120)) and this case reduces to the previous 
one. □ 

We prove next some properties of (s, J) for a 6-dimensional non-nilpotent Lie algebra s with an 
abelian complex structure J such that 5j = M"^. Given a; ^ Sj, we denote by : Sj ^ Sj the 
restriction of ad^; to Sj. 

Lemma 4.3. Let she a 'o- dimensional non-nilpotent Lie algebra with center 3 (possibly trivial) 
and denote = [s, s']. 7/' J Z5 an abelian complex structure on 5 such that a' j = M^, then 

(i) Dx commutes with D^J for any x ^ s'j. 

( ii) ImDx = 5^ for any x ^ s'j. 
(Hi) dims^ = 2 or 4. 

(iv) ker D^. = i for any x ^ s'j. 

(v) s'j = s2 © 3. 

(vi) There exists x ^ s'j such that [x, Jx] G 3. 

Proof. (0) Since J is abelian, Djx = —D^J. Using that s'j is abelian and the Jacobi identity (see 
dlT])), i) follows. 

(Ell) Let a; ^ Sj and set V" := span{x, Jx}. We have that s = V (B s'j, therefore 
= [s,s'] = [V,s'] = D^s' + Djxs' = + DJs' = Djj. 
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dm]) Let X ^ Sj, then it follows from dnj) that (lull) is equivalent to dim (ImD^.) = 2 or 4. We 
note first that ImD^ = {0} is not possible because this would give dim Sj < 2. 

If dim (ImZ^^.) = 1, let ImDx = My. There exist a,b E M. such that D^y = ay, D^Jy = by. 
From ^ Dl = —(D-j-JY, and this implies a = b = 0. Therefore, = Dj,^ = and s is nilpotent, 
which is not possible since s is non-nilpotent by assumption. 

If dim (Im D^) = 3, then dim (kerD^) = 1, that is, kerD^; = M.y. From (Q) we have (D^Jy) = 
DxJ{Dxy) = 0, hence D^Jy = cy. Using again that = — (_D^.J)^, we obtain = D^y = 
— {DxJYy = —c^y, hence c = 0. This implies that Jy E kerD^ = My, a contradiction, and (lliil) 
follows. 

(Hvl ) It follows from du]) and dml) that 3 C Sj. Moreover, 

(21) 3 = ker n J (ker D^.) , for any x ^ s'j. 

If dims^ = 4, then using ^ we obtain that ker D^. = {0} for any x ^ s'j, hence 3 = {0}. 

If dims^ = 2, then dim (ker_D^) = 2 for any x ^ Sj. Let us assume that there exists x ^ s'j 
such that ker is not J-stable, therefore, s'j = ker ® J (ker Dj,). Using ([111) we obtain that 
Dx : J (ker D^.) — > is an isomorphism, then 

(s^) = D^D^J (ker D^.) = D^JD^ (ker D^.) = 0. 

This implies = ker D^, which means that = = Dj^, contradicting the fact that s is not 
nilpotent. Hence, ker is J-stable for any x ^ s'j and (|2T1) implies (Irvl) . 

dv]) If dims^ = 4 there is nothing to prove (see proof of ^^). We consider next the case 
dims^ = 2, which implies dim 3 = 2. We only need to show that fl 3 = {0}. If fl 3 7^ {0}, 
we fix X ^ s'j and consider a J-stable complementary subspace V of ker = 3 in s'j. Using du]) 
we obtain that ■ V ^ is an isomorphism. Let v E V, v ^ 0, such that D^v G fl 3, then, 
using dll) and the fact that 3 is J-stable, we have 

Dr^DxJv = DxJDxV = 0, 

that is, D^Jv E ker = 3, thus D^iV) = 3. Therefore, = 3 and s is nilpotent, a contradiction, 
and dv]) follows. 

dvH) Let 1/ ^ 5 J, using dv} we have [y, Jy] = DyV + w with w E ^. Setting x = y + \ Jv, we 
compute 

1 1 

[x, Jx] = [y, Jy] - -Dyi) - -DjyJv = DyV + w - DyV = wE}, 
which implies dvil) . 

□ 



Theorem 4.4. Lef s be a Q-dimensional non-nilpotent Lie algebra with an abelian complex struc- 
ture J such that s'j = M^. Then (s, J) is holomorphically isomorphic to one and only one of the 
following: 

(1) (aff(C) X M2, J) : [/i, ei] = [/s, e^] = e,, [/i, e,] = -[f^, e,] = e^, 

Jfi = /2, Jei = -62 + 63, Je2 = ei + 64, Je^ = 64. 
f2j (si, Ji) : [/i, /2] = 63, [/i, ei] = [/2, 62] = ei, [/i, 62] = -[/2, ei] = 62, 

Jifi = /2, Jiei = -62 + 63, Jie2 = ei + 64, Jie3 = 64. 
(ij (si, J2) : [/i, /2] = 63, [/i, ei] = [/2, 62] = ei, [/i, 62] = -[/2, ei] = 62, 

-^2/1 = /2, J2ei = 62, J2e3 = 64, 
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(4) (S2, J) : [/i, ei] = [/2, 62] = ei, [/i, 62] = -[/2, Ci] = 62, 

[/l, 63] = [/2, 64] = ei + 63, [/i, 64] = -[/2, 63] = 62 + 64, 
Jfl = /2, = 62, J63 = 64, 

f5j (S(„,b), J), (a, 6) G 7^ (^ee (Ull)) : 

[/i, ei] = [/2, 62] = 61, [/i, 62] = -[/2, 61] = 62, 

i/l, 63] = [/2, 64] = a63 + 664, [/i, 64] = -[/2, 63] = -663 + 064, 

Jfl = /2, Jei = 62, J63 = 64. 

Proof. Let /i ^ Sj such that [/i, J/i] G 3 and denote /2 = J/i (see Lemma l431lvll) ). D := Df^. 
We consider next the different cases according to dims^, which can be 2 or 4 (see Lemma 

• If dims^ = 2, then there are two possibilities, depending on being J-stable or not. 

(i) Case is J-stable: we note that [/i, /2] 7^ 0, since dim Sj = 4. Let 61, 62 = Jei be a basis 
of and 63 = [fi, /2], 64 = J63 a basis of 3. We have 

^ ^ M o\ _ ^ /-A Jo 

where Jo = ^ and A is a 2 x 2 non-singular matrix satisfying AJq = JqA, therefore, 

A= ~a^) + b'^ 7^ 0. Setting 

(22) A = ^=L==(a/i + 6/2), /2 = J/i = ^=L==(-6/i + a/2), 
we may assume A = / (observe that [/i, /2] = [/i, /2]), hence the Lie bracket becomes: 

[/l, /2] = 63, [/i, 61] = [/2, 62] = 61, [/i, 62] = -[/2, 61] = 62, 

which is the Lie algebra Si in the statement with the complex structure J2. 

(ii) Case is not J-stable: fix 61 G s^, 61 7^ and set 62 G such that J6i + 62 G 3. It can be 
shown that {61, 62} is a basis of s^, using that 3 is J-stable. Let {63, 64 = J63} be a basis of 3; in 
the basis {61, . . . , 64} of s'j, D and the restriction of J to s'j are given by 

(A 0\ /-Jo 

with Jo as above, and Y ^ satisfies F Jo = Jo^^, which implies that Y is non-singular. Also A 
is non-singular and commutes with Jo, and using (l22l) . we may assume that A = /. By a suitable 
change of basis in 3, F can be taken equal to the identity / and J is then given by 

(23) Jfl = /2, J6i = -62 + 63, J62 = 61 + 64, J63 = 64. 

If [/i, /2] = 0, the Lie brackets of s are given by 

[/i,ei] = [/2,62] = 61, [/i,62] = -[/2,ei] = 62, 

and J is given as in (1231) . Therefore, s = aff(C) x with a complex structure that preserves the 
ideal but does not preserve the ideal off(C). 
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If [/i,/2] = ae-i 
(i) above. Indeed, <; 



- be^ E 3, with + 7^ 0, the Lie algebra obtained is isomorphic to Si from 
: Si ^ s given by 



/I 
1 



v 



a 
b 



-b 
a 



a 
b 



J 



is a Lie algebra isomorphism. The complex structure Ji on Si induced by (p is given as in (l23l) . We 
note that this complex structure is not equivalent to J2 in (i) since J2 preserves while Ji does 
not. 

• If dims^ = 4, then 3 = 0, hence [/i, = 0, -D is an isomorphism, and thus D commutes 



with J. Therefore, we obtain s 
is given by Jei = 62, Je^ 
Jordan forms for D are 



i"^ K R^, where the complex structure on '. 
64. Considering D as an element of GL{2, C 



^ = span{ei, ... ,64} 
the possible normal 



a 1 
a 



a 
(3 



with a, /3 G C — {0}, |a| > \(3\. Identifying = span{/i, /2} with C = spanj;.{/i}, we may 
take a^^fi and therefore we may assume a = 1, < \P\ < 1. Thinking of D now as an element 
of GL{A, R), this gives rise to the following possibilities for D, up to complex conjugation: 



(24) D' 



/l 1 0\ 

10 1 

1 

\ V 



or D 



(a,b) 



(\ 
1 

V 



a 
b 



\ 



J 



a,b e 



< + r < 1. 



Let us denote by S2 (resp. S(a,b)) the Lie algebra determined by D' (resp. D(^a,b))- Clearly, S2 is not 
isomorphic to 5{a,b) for any (a, b). Furthermore, it can be shown that the isomorphism classes of 
the Lie algebras S(^a,b) are parameterized by 



(25) 



7^ = {(a, 6) G : Q < + b'^ < 1} U {{a,b) e : b> 0}. 



□ 



Remark 4.5. We point out that the Lie algebra S(^a,b) from Theorem |4.4| has a bi-invariant complex 
structure given by J/i = — /2, Jei = 62, Jea = 64. Indeed, 5i^a,b) is the realification of the 
complex Lie algebra rs a with \ = a + ib, where rs a has a C-basis {wi, W2, w-^} with Lie brackets 

[Wi, W2] = W2, [Wi, W-i] = Xws. 

The analogous statement holds for S2, which is the realification of the complex Lie algebra ts with 
C-basis {wi,W2,W3} and Lie brackets 



[Wi,W2] = W2, [Wi,W3]=W2 + W3. 
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4.3. s'j = s. A family of Lie algebras with abelian complex structure can be constructed in the 
following way. Let A be a commutative associative algebra and set aff(y4) := A (B A with the 
following Lie bracket and standard complex structure J: 

(26) [(x, y), {x, y')] = (0, xy' - x'y), J (x, y) = (-y, x), 

then J is abelian (see |I51). Moreover, J is non-proper if and only if = A. 

We show next that any 6-dimensional Lie algebra with a non-proper abelian complex structure 
is obtained using this procedure. 

Theorem 4.6. Let she a 6-dimensional Lie algebra with a non-proper abelian complex structure J. 
Then 

(i) dims' = 3 and (s, J) is holomorphically isomorphic to aff(A) with its standard complex 
structure, where A is a 3-dimensional commutative associative algebra such that A? = A; 

(ii) (s, J) is holomorphically isomorphic to one and only one of the following: 

(1) aff(M) X aff(M) x aff{M.), where each factor carries its unique complex structure, 

(2) aff(M) X aff(C), where the second factor is equipped with J2from Theorem \2.5\ 

(3) aff(M) X (aff(]R) XadK^), where each factor is equipped with its unique abelian complex 
structure, 

(4) (S3, J) : [ei, /,] = /„ ^ = 1, 2, 3, [es, /i] = /s, [es, /s] = /s, fi] = /s, 

Jci fi^ % 1,2,3, 

(5) (S4, J) : [ei, fi] = fi,i = 1, 2, 3, [es, /i] = /2, [es, /i] = /s, 

Jci = fi, i = 1,2,3. 

Proof, (i) Since dims = 6 and Sj = s, it follows from (02) in §2.11 that dims' = 3 or 4. 
We show first that dims' = 4 is not possible. If dims' = 4 then dim(s' fl Js') = 2. We 
note that J abelian implies s' D Js' C ^ and s has a basis of the form {ei, 62, 63, Jei, Je2, Jcs} 
with 61,62 G s', 63 e s' n Js', therefore s' = span{[6i, J6i], [62, J62], [61, J62] = [e2,Jei]}, 
contradicting that dims' = 4. 

Thus dims' = 3 and s = s' © Js'. Note that 

(27) s'=[5',Js']. 

The Lie bracket on s induces a structure of commutative associative algebra on s' in the following 
way 

X ■ y = [x, Jy] , for x,y G s'. 
Setting A := (s', ■) it turns out that 

(f) : aff{A) ^ s, (j){x,y) = y - Jx, 

is a holomorphic isomorphism, where aff (A) is equipped with its standard complex structure (|26l) . 
Moreover, (|271) implies that A? = A and {%) follows. 

{%%) According to (i), in order to obtain the classification of the non-proper abelian complex 
structures in dimension 6, we must consider aff (A) with its standard complex structure, where A 
is a 3-dimensional commutative associative algebra satisfying = A. It was shown in lfT2l that 
there are five isomorphism classes of such associative algebras. These algebras can be realized as 
matrix algebras as follows: 
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''^[[ ":J)' ''^[[ 

with a,b,c G M. The Lie brackets on off(Aj), i = 1, . . . , 5, together with its standard complex 
structure are those given in the statement. It is easily verified that these Lie algebras are pairwise 
non-isomorphic, and this completes the proof of the theorem. □ 

Remark 4.7. It is straightforward from Theorems 14.1114.21 and 14 . 41 that among the non-nilpotent 6- 
dimensional Lie algebras carrying proper abelian complex structures, (aff(M) Xad IR^) x from 
Theorem 14.21 is the unique Lie algebra whose nilradical is non-abelian. Indeed, its nilradical is 
()3 X In the non-proper case, only aff(M) x off(M) x aff(M) and aff(M) x off(C) have abelian 
nilradical (see Theorem 14.61) . 

Corollary 4.8. Let she a 6-dimensional unimodular solvable Lie algebra equipped with an abelian 
complex structure. Then s is isomorphic to n^, A; = 1, . . . , 7, or to S(_i,o)- Moreover, the simply 
connected Lie groups corresponding to these Lie algebras admit compact quotients. 

Proof. The first assertion follows easily from Theorems 13.21 14.11 14.21 14.41 and 14.61 The simply 
connected Lie groups associated to rifc, k = 1, . . . , 7, admit compact quotients since their structure 
constants are rational (see ifTSl ). The existence of compact quotients of the simply connected 
solvable Lie group with Lie algebra S(_i^o) was proved in [|2TI . □ 
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